Abstract. We show that it is consistent that the product of perfectly meager sets is perfectly meager.
Introduction
Suppose that A is a subset of a Polish space X. We say that A is perfectly meager if for every perfect set P ⊆ X, A ∩ P is meager in the relative topology of P . Let PM denote the collection of perfectly meager sets.
Clearly all countable sets are perfectly meager but there are various examples of uncountable perfectly meager sets that can be constructed in ZFC (see [5] ).
In [4] , Marczewski asked whether the product of perfectly meager sets is perfectly meager. This question was partially answered by Rec law who showed that:
Theorem 1 (Rec law [7] ). Assume CH. Then there are two perfectly meager sets whose product is not perfectly meager.
The proof relies on the existence of a Borel set having certain properties and the existence of a Luzin set (i.e. an uncountable set whose intersection with every meager set is countable).
The purpose of this note is to show that it is also consistent with ZFC that the product of any two perfectly meager sets is perfectly meager. Thus, Marczewski's question is undecidable in ZFC.
Definition 2.
Suppose that A is a subset of a Polish space X. We say that A is universally meager if every Borel isomorphic image of A in X is meager. Let UM denote the collection of universally meager sets.
It is clear that UM ⊆ PM, but the other inclusion may fail.
Unlike PM, the class of universally meager sets is closed under products.
Theorem 4 (Zakrzewski [10] ). The product of universally meager sets is universally meager. This is a consequence of the following characterization of the class UM. Let C denote the Cohen algebra.
Theorem 5 (Zakrzewski [10] ). For a subset A of a perfect Polish space X, the following are equivalent: 
In ZFC
In this section we will identify a more general property that implies that PM = UM.
For a function f :
We need the following observation:
Proof. Let h : X −→ h[X] be the Borel isomorphism witnessing that X ∈ UM. Find Borel sets A ⊇ X and B ⊇ h[X] and the Borel isomorphismh : A −→ B extending h (exercise in [9] ). By removing a countable set from A we can arrange that B is 0-dimensional. Let F ⊆ B be a meager set such that
Apply Kuratowski's theorem to get (2) . Without loss of generality we can assume that F is an F σ set which is dense. By the theorem of Mazurkiewicz [3] , a G δ subset of a 0-dimensional Polish space which has empty interior is homeomorphic to ω ω . Call this homeomorphism g. Now the required mapping is g •h.
Consider the following principle: Definition 8. Axiom P: For every nonmeager subset X ⊆ ω ω there exists a compact subset P ⊆ ω ω such that P ∩ X is nonmeager in P .
Proof. Suppose that X ∈ UM. By lemma 7 there exists X ′ ⊆ X, a Borel set A ⊇ X ′ and Borel isomorphism f : A −→ ω ω such that
Apply Axiom P to to find a compact set P ⊆ ω ω such that P ∩ h[X ′ ] is not meager in P . Set Q = f −1 (P ) and note that f ↾Q is a homeomorphism between P and Q. Under this homeomorphism Q ∩ X ′ is the image of h[X ′ ] ∩ P thus it is not meager in Q. Since Q ∩ X ⊇ Q ∩ X ′ it follows that X ∈ PM. As the other inclusion is obvious, the theorem follows.
Forcing
In this section we will show that Axiom P is consistent with ZFC, which will finish the proof.
For
The rational perfect forcing M is the following forcing notion:
Without loss of generality we can assume that |succ p (s)| = 1 or |succ p (s)| = ℵ 0 for all p ∈ M and s ∈ p. Conditions of this type form a dense subset of M.
where split n (p) = s ∈ split(p) : t s : t ∈ split(p) = n . For p, q ∈ M, n ∈ ω, we let
If v ∈ split(p) let U p v = {n ∈ ω : v ⌢ n ∈ p} and for n ∈ U p v let v n be the first splitting node below v ⌢ n. If G ⊆ M is a generic filter over V let m = p∈G [p] be the generic real. Let M ω2 be the countable support iteration of M of length ℵ 2 . The following facts about M are well-known.
Theorem 10.
1. The sequence ≤ n : n ∈ ω witnesses that M satisfies axiom A. In particular, M is proper. 
M preserves nonmeager sets, i.e. if A ⊆
2 ω , A ∈ V is not meager then V M |= A
20).
Theorem 11. V Mω 2 |= Axiom P.
The idea of the proof is as follows. Suppose that X ∈ V Mω 2 and X is not meager in ω ω . First we find α < ω 2 such that V Mα |= X ∩ V Mα is not meager (lemma 12).
Next we will find a compact set P ⊆ ω ω belonging to V Mα+1 such that
Mα is not meager in P (theorem 13).
Finally, by 10(3), M ω2 preserves non-meager sets, thus
which implies that V Mω 2 |= X is not meager in P.
Proof. Let α ξ : ξ < ω 1 be a continuous increasing sequence such that
is not covered by any meager set from V Mα ξ .
By properness, α = sup ξ<ω1 α ξ , has the required property.
Proof. For the sake of clarity we will break the proof into three lemmas. The main idea of the proof is already present in [2] . Letṁ be the canonical name for an M-generic real and let C be the Cohen forcing represented as ω ↑ω withċ being the canonical name for the Cohen real. For x ∈ ω ω let P x = {z ∈ ω ω : ∀n z(n) ≤ x(n)}. Note that P x is a compact set in ω ω . For two sequences s, t ∈ ω ↑ω we say that (s, t) is good if |s| = |t| and s(i) ≤ t(i) for i < |t|.
Lemma 14. Suppose that p ∈ M, s ∈ C, and s↾|stem(p)|, stem(p) is good. Then there is a C-nameq for an element of M such that
Proof. Let c ⊇ s be a Cohen real over V.
It is enough to check that q ∈ M. In fact, we will show that if v ∈ split(p) and v ∈ q then v ∈ split(q). Suppose that v ∈ split(p) and v ∈ q. In particular, (c↾|v|, v) is good. Let
Otherwise, let t ≥ s ′′ be such that |t| = |v n | and
It is clear that t ∈ D k . By genericity, we conclude that the set
In particular, v ∈ split(q). Since c was arbitrary, it finishes the proof. Proof. Let m ∈ [p] be an M-generic real over V, and let F be the interpretation oḟ F using m. In V[m] define sequences s n : n ∈ ω ∈ ω <ω ω such that
Since F is nowhere dense this definition is correct. Going back to V we conclude that there is an M-name ṡ n : n ∈ ω such that
Observe that by the choice of ṡ n : n ∈ ω it follows that
Let c ⊇ s be a Cohen real over V. Working in V[c] define A = n ∈ ω : c↾|stem(p n )|, stem(p n ) is good and c↾ n, n + |s n | = s n .
We will show that A is infinite in V[c].
For k ∈ ω let
We show that D k is dense in C below s. Suppose that s ′ ≥ s and let ℓ = max range(s ′ ), |s ′ |, k . Pick n ∈ U p stem(p) \ ℓ and define t ≥ s ′ such that |t| = |stem(p n )| and
Note that by the properties of ṡ n : n ∈ ω it follows that t ∈ D k . By genericity, for every k ∈ ω there is n ∈ ω such that c↾n ∈ D k , which implies that A is infinite. Let p ⋆ = n∈U and let q = q 1 ∩ q 2 . Since the nodes corresponding to the elements of A were good, it follows that q ∈ M and q ≥ 0 p. In addition, q M ∀n c(n) ≤ṁ(n) (by the choice of q 2 ) and q M c ∈Ḟ (by the choice of q 1 ). Since c was arbitrary, the proof is finished.
Finally we show:
Lemma 16. Suppose that p ∈ M, s ∈ C, and s↾|stem(p)|, stem(p) is good. Let Ḟ n : n ∈ ω be an M-name for a sequence of closed nowhere dense subsets of Pṁ. There exists a C-nameq for an element of M such that 1. 
